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Bird’s direct simulation Monte Carlo method for the Boltzmann equation is
considered. The limit (as the number of particles tends to infinity) of the ran-
dom empirical measures associated with the Bird algorithm is shown to be a
deterministic measure-valued function satisfying an equation close (in a certain
sense) to the Boltzmann equation. A Markov jump process is introduced, which
is related to Bird’s collision simulation procedure via a random time transfor-
mation. Convergence is established for the Markov process and the random
time transformation. These results, together with some general properties con-
cerning the convergence of random measures, make it possible to characterize
the limiting behavior of the Bird algorithm.
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1. INTRODUCTION

Stochastic simulation schemes play an important role in the numerical
treatment of the Boltzmann equation.!®!*16.20.21) Therefore theoretical
results concerning the convergence of these simulation procedures are of
considerable interest. Recently a convergence proof for Nanbu’s simulation
method has been published®* and the convergence of a procedure based
on stochastic differential equations has been established.!*?%

The first and best-known simulation procedure for the Boltzmann equa-
tion is Bird’s>® “direct simulation Monte Carlo method.” This scheme is
the main one used in enginecering problems. However, the question of its
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convergence remains open. The purpose of the present paper is to fill this

gap.
We are concerned with the initial boundary value problem

%f(t, x, v)+ (v, V,) (1, x,0) =J(f)(¢, x, v) (1.1)

t=t,, xeG, veR? with the right-hand side

TNt x o) =] dw | de (o, e)LF(6 5, %) (1,5, w¥)
—f(t, x,v) f(t, x, w)] (1.2)

where G is a bounded domain in the three-dimensional Euclidean space R?,
V., denotes the vector of the partial derivatives with respect to x, de denotes
the uniform surface measure on the unit sphere S$% and dw denotes the
Lebesgue measure. The function ¢ is called the collision kernel.

Furthermore, v* and w* are the postcollision velocities related to the
precollision velocities v and w and the collision parameter e via the
formulas

v¥=v+ele,w—0) (13)

w¥=w+e(e, v —w)

which are consequences of the conservation of momentum and energy.
An initial condition

flty, x, v) = fo(x, v), (x,0)e GRR? (1.4)

and deterministic and energy-conserving boundary conditions on 4G ® R*
are assumed (e.g., specular reflection as considered in Babovsky and
Iliner®)). The initial value f, is supposed to be normalized in such a way
that

jG jRS folx, v) do dx = 1 (1.5)

We refer to Cercignani'"® or Lebowitz and Montroll"® for more
details concerning the Boltzmann equation.

The paper is organized as follows. In Section 2, we describe the Bird
algorithm. In Section 3, we prove some results concerning the convergence
of random measures, which are necessary for the investigation of the Bird
algorithm.
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Section 4 contains the main result. The limit (as the number of par-
ticles tends to infinity) of the random empirical measures associated with
the Bird algorithm is shown to be a deterministic measure-valued function
satisfying an equation close (in a certain sense) to the Boltzmann equation.

Some comments on the results and related problems are given in
Section S.

In this paper, the following notations are used. The symbols (, ) and
| | denote the scalar product and the norm, respectively, in the Euclidean
space. The basic probability measure and the corresponding mathematical
expectation are denoted by Prob( ) and E, respectively. The symbol ¥ ,
denotes the indicator function of some set 4. Finally, the sign — is used to
denote convergence as the index n=1, 2,... tends to infinity, if no other
indication is given. Further notations will be introduced at the beginning
of the sections where they are mainly used.

2. THE BIRD ALGORITHM

The Bird algorithm%2!) defines the time evolution of a random
particle system

(x;(1), v;(£)) e GR R, i=1,..,n (2.1)

{>1,, where n is the number of particles. The evolution of the system
depends on a time discretization

(t), k=0, 1,.

where ¢, , , =t + At for some 41> 0.
At the time ¢,, the system

(xi(l0)> Ui(to))’ I= 1,---; n

is sampled in accordance with the initial condition (1.4) of the Boltzmann
equation.
Given the state of the system at some time 7,

(x:(2), vi(2e))s i=1,..,n

k=0, 1,..., the simulation ofthe free flow of the particles and the simulation
of their collisions on the time interval

(s ti i ]

are separated. First, the free flow is simulated disregarding the possible
collisions. Then, the collisions are simulated neglecting the free flow.
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The free flow simulation is done by means of the transformation
D,(x, v)=(X,(x,v), V(x,v)), 520 (22)

which describes the behavior of a particle starting at the time s, =0 in the
point {x, v). This transformation depends on the domain G and the corre-
sponding boundary conditions used in the formulation of the Boltzmann
equation. Let (s,,), m=1, 2,..., be the moments at which the particle inter-
acts with the boundary dG. Then, the function X, (x, v) is piecewise linear
in s,

Xs(x,u)=x+f V. (x, v) du (2.3)

and the function V (x, v) is piecewise constant in s,

Vo, (xv)=YX,  (x0),V(x0)) (2.4)

m+ 1

m=0, 1,... The transformation ¥ describes the interaction of the particle
with the boundary, e.g., specular reflection.’) We suppose that energy is
conserved, ie.,

Vi(x, o)l =lvl, 520 (2.5)

The system resulting from the free flow simulation on the time interval
(fi> Lo 1] 18

(x, o) =@, (x, (1), v,(8)),  i=lun (2.6)

The system (2.6) is the starting point for the collision simulation on the
time interval (¢, t,,,]. This procedure depends on a division of the
position space G into a finite number of disjunct cells

It is assumed that

2,>0, I=1,.,1

[+

where g, denotes the Lebesgue measure of the cell G,. In each cell,
collisions of the particles are simulated neglecting their exact positions.
Moreover, the positions of the particles do not change, and there is no
interaction between different cells.

We consider a fixed cell G, and describe Bird’s coliision simulation
procedure by means of a continuous-time process

z(1), 121
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with the state space (G® R?)", which we call Bird’s collision process. In
fact, this process depends on #n, /, and k. We omit these indices whenever
it (as we hope) does not lead to misunderstanding.

The initial value of the process is defined in accordance with (2.6),

2(1) = ((x{0, v, i=1,..,n) (2.7)

Let n, denote the number of particies of the system (2.7) which are in the
cell G,.

In the case n, < 2, the evolution in the cell G, is trivial in the sense that
no collisions take place. Thus, we define

z(t) = z(ty), t=z1, (2.8)
In the case n,>= 2, we introduce a Markov chain
K(m), m=0,1,..
with the state space (G® R*)", the initial state
x(0)=z(z,) (2.9)

and the following transition rule.

Given the state x(m) = ((x;, v,), i=1,.., n), first, the indices i and j of
the particles due to take part in a collision are generated according to the
probabilities

const ¢, (x,) g, (x;) O(v;, v)) (2.10)
where
(v, w)=| v, w, e) de 211)
s?
and const is an appropriate normalization factor.

Then, an element ecS? is generated in correspondence with the
probability density

q(v,, v, €)/Q(v;, v;) (2.12)

Finally, the postcollision velocities v* and v* are calculated according
to (1.3).

The state x(m + 1) is obtained from k(m) by replacing v, and v; by v*
and v}, respectively.

Furthermore, a time counter is used, advancing the time by

At(m)=[n""(n,— 1)(n,/2) g7 ' Q(v;, v,)]™" (2.13)



1016 Wagner

when the mth collision took place. Here, i and j are the indices of the
particles taking part in the mth collision, and v, and v, are the precollision
velocities.

Let t(m), m=0, 1,.., be the sequence of random moments generated
by (2.13),

(0)=1,
(2.14)
t(m)=1(m—1)+ At(m), m=1,2,.
Then, the process z(¢) is defined as
z(t) = z(t(m)), te [t(m), t(m+ 1)) (2.15)

z(t(m)) = x(m), m=0,1,.

The collision simulation is performed by generating the processes z(
in all cells G, while the corresponding time counters remain less than ¢, _ ;.
The resulting particle system is

(xi(2), v:(1)) = i T (x{) z{(1) (2.16)
=1

i=1,.,n, t€[iy, ty,,], where z!” denotes the ith component of the
process z),
The system

(xi(tk+1)5 vi(tk+1))’ i:1>'-~:n

is the starting point for the algorithm on the next time interval.

It should be mentioned that the time step A¢ as well as the partition
into cells (G,;) may depend on the time index k. However, we decided not
to introduce further indices.

The factor n! enters formula (2.13) as compared with the corre-
sponding expression in Illner and Neunzert® and Ploss,?! since we
assume the normalization condition (1.5). The factor (n,— 1) n, instead of
n; is not essential for the limiting behavior, but it is technically more
convenient for the proof.

The processes z)(¢) have been introduced without restricting the posi-
tions of the particles to the cells G, in order to avoid a random dimension
of the state space.

3. AUXILIARY RESULTS

In this section, we prove some results concerning the convergence of
random measures. We refer to Hennequin and Tortra,""> Chapter 25, for
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basic facts related to the convergence of random variables with values in
metric spaces, and to Billingsley'® for the theory of weak convergence of
measures. In the proofs, we use several ideas from Skorokhod@? and
Smirnoy.®»

Let .# =.#(Z) be the space of finite measures on the space
Z=G®R’ equipped with the Borel o-algebra. Some of the results are
valid also for more general metric spaces Z. For any measurable bounded
function ¢ and any ue.#, we denote

Co.u>=] o(z) uide)

Let C,=C,(Z) be the space of bounded continuous functions on Z
with the norm

HqD”oo:Sllpl(p(Z)" (pecb

zeZ

Definition 3.1. A sequence of measures (u,) is said to converge
weakly to a measure y if

(@, > = @, 1)

for any ¢ e C,.
Let C, = C,(Z) be the space of bounded and Lipschitz-continuous
functions on Z with the norm

lol = sup (,Wn +I_(P(—T)_:_f%)_[>

Then, a metric on .# is defined as

polt, )= sup [{@,u>—{p, i) (3.1

ol <1

, A€ 4. The metric (3.1) is equivalent to the weak convergence.!)
Let, subsequently, u, and p denote random variables with values in
. Let P, and P be the corresponding probability measures on .#.

Definition 3.2. The sequence (u,)} is said to converge to u in
distribution if

P, - P weakly

Definition 3.3. The sequence (p,) is said to converge to u in
probability if

P, u) =0 in probability
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As in the finite-dimensional case, the convergence in probability
implies the convergence in distribution. Furthermore, since g, is bounded,
the convergence in probability is equivalent to the convergence in the
mean,

Ep,(p,, n) >0

For any measurable transformation 7 of the space Z into a metric
space Z', let D(T) denote the set of discontinuity points of 7. In particular,
T may be a measurable real-valued function on Z. Furthermore, for any
Ae#, let 2*T—! denote the measure on Z’ defined as

(A*XT~')(4) = M(T~(4)) (3.2)

for any measurable set 4 = Z'.
First we generalize the following result to the case of random
measures.

Theorem 3.1 (Billingsley,” Theorem 5.2(iii)). Suppose u,,, 4 to be
deterministic and u, - p. Let ¢ be a measurable bounded function on Z
such that

w(D(@))=0
Then,

o, ) = <@, 1

Theorem 3.2. Suppose y, — u in distribution.
Let ¢ be a measurable bounded function on Z such that

En(D(¢))=0 (3.3)
Then
{@, 1,> — {@, u)> in distribution
Proof. We consider the function
F(4) =exp(it{o, 1))

on .#, where i is the imaginary unit number, and e R.
It follows from Theorem 3.1 that

D(F)yc {A: (D(9))>0}
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Actually, if A(D(¢))=0 and 4, — 4, then
<@, 2,> =<, 2y and  F(Z,) - F(4)
Consequently,

P(D(F))< P({4: A(D(9)) > 0}) = Prob(u(D(¢))>0) =0

because of (3.3). Applying again Theorem 3.1, we obtain
(F,P,y—LKF P)

Thus, the characteristic functions of the random variables (¢, p,>
converge to the characteristic function of {¢, u>, and the assertion of the
theorem follows. ||

Now we find a sufficient condition for the convergence in probability
of random measures.

Lemma 3.3. Suppose {¢, u,> — {@, u> in distribution, Yoe C,.
Then

R—

sup Eu,(|z| > R)——— 0
Proof. Since the random variables {¢, p,> are bounded, it follows
that the measures m, defined as
m{A)=FEu,(A) for any measurable set A< Z

converge weakly to the measure m = Ep. Consequently, the sequence (m,,)
is relatively compact, and the assertion is a consequence of the Prokhorov
theorem.®

Theorem 3.4. Suppose (@, i,,> = {@, 1> in probability, Vo e C,.
Then
i, — i in probability
Proof. Consider the function

L, lz| <R
yr(z)=<1+R~—|z|, [zle (R, R+ 1) (3.4)
0, Izl >R+ 1
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where R>0, and a function ¢ € C, such that [¢| < 1. Then,

<@, p,— U < K@Y g5 tn— BD] + pa(12] > R) + u(|z| > R)

and

Pty 4) < sup <o, g, — ud| + w,(1z| > R) + u(|z] > R) (3.5)

@eDp

where D= {pyr: € Cy, ol <1}
Since D is compact, there exists a finite e-set {¢,e C,} for any > 0.
Consequently, for ¢ € D, we obtain

[<o, t,— )] <i13f| CO—=@p thn— I+ 1@y s — )|
and

sup <o, p,—pud| <2e+Y, 1<0;, ty— 1)l (3.6)

@eDp i

From (3.5) and (3.6), it follows that

Ep (s 1) <26+, E {0y, iy — )| + Ep (|2 > R) + Ep(|z] > R)

and

him sup Ep,(p,, ) <2¢ +sup Ep,(|z| > R) + Ep(|z] > R)

for arbitrary ¢ > 0. Consequently, the assertion follows from Lemma 3.3. ||

Theorems 3.2 and 3.4 imply the following result.

Corollary 3.5. Let u be deterministic. Then, the following condi-
tions are equivalent:
(1) p,— u in probability.
(i) p,— u in distribution.
(i) <@, p,» — {@, 4y in probability for any measurable bounded
function ¢ such that u(D(e))=0.
(iv) <@, u,» — {, u> in distribution, Vo e C,,.
The next theorem deals with the convergence of restrictions of random

measures. Consider a subset Z, < Z. Let 4, denote the restriction of a
measure Ae.# to Z,.
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Theorem 3.6. Let u be deterministic and such that
HdZ;)=0 (3.7)

where 0Z, is the boundary of the set Z;.
If u, » u in probability, then u, , — y, in probability.

Proof. Consider ¢,eC,(Z,), and define a function ¢ on Z,
which equals ¢, on Z, and zero on Z\Z,. Since D(¢p")=dZ, and
(Py1s 1y =<p", u,>, the assertion is an immediate consequence of
Corollary 3.5 and (3.7). 1

The following theorem establishes the convergence of transformations
of random measures (cf. Billingsley,® Theorem 5.1, concerning the deter-
ministic case). Consider a transformation T of the space Z into a space Z’.

Theorem 3.7. Let y be deterministic and such that
w(D(T))=0 (3.8)
If y,, — p in probability, then u*T~' — u*T~! in probability.

Proof. Consider a bounded continuous function ¢ on Z’, and define
a function ¥ on Z such that

Vr(z)=(T(2)),ze Z

Since D(Y7)=D(T) and <, u¥T "> =<, m,, the assertion
follows immediately from Corollary 3.5 and (3.8). |}

We finish this section with some technical lemmas.

Lemma 3.8. Let T be a transformation of the space Z into itself
such that

[T(z)] < Clz]
for any z e Z and some constant C.
Suppose
sup E<|z}%, u, > < o forsome p>0
Then,

sup E|z|?, uxT™') < o0
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Proof. Substitution of the variables in the integral ensures that
zl?, w71 = AT @), > S CPL2|?, )
and the assertion follows. ||
Lemma 3.9. Suppose u, — u in probability, and
sup E(|z|?, p,y=C< ® for some p>0
Then,
E(jz|?, u><C

Proof. Consider the function y, defined in (3.4). The function
|z|? xg(2) is bounded and Lipschitz-continuous; consequently,

E[{lz” xx(2), b — 11 =0
Furthermore,
E{|z17 xp(2)s o) SE\2)P, py» <C
and, therefore,
E{|z|? yr(z),u><C  forany R>0

The assertion follows immediately. |

Lemma 3.10. Consider random measures p,,(¢), u(¢), depending on
a time index te[¢,, o0). Suppose that

E sup pL(:u’n(t)9 ﬂ(Z))'—’O, th>ta (39)
telta, t]
and
Esup  pus) p(0) =30, Vem1,  (310)

selt—4,1+4]

Consider a sequence of random transformations o, of the time interval
[¢,, o0) such that

a,(t)—t in probability, Vizt, (3.11)
Define random measures

viu(1) = 1,(0,(2))
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Then,

Ep (v,(1), (1)) =0,  Vizt

a

Proof. Consider the set
A= {p,(v,(t), u(t))>¢} forsome r>1t, and ¢>0
Then, for any § >0,
Prob(A4,)=Prob(4, {|o,(t)—t| >5}) + Prob(4,n {|g,(t)—t| <5})

<Prob(lo,(1)—1}>8)+Prob( sup  p(u,(s), w1))>¢)

sefr—8,1+48]

=S1+S2

The term S, tends to zero as » — oo for any fixed J, because of (3.11). The
term S, remains to be estimated. Consider the set

B,={ sup  pp.(s)u(s))+ sup  p(uls), u(t))>e}

selr—38,1+46] selt—0o,t+3]

Then,
S, < Prob(B,)
<Prob( sup  p,(u(s), u1))>¢/2)

se[t—23,:+38]

+Prob( sup  p.(pa(s), u(s))>¢/2)

sef1—6,1+8]

The first term on the right-hand side of the above inequality can be made
arbitrarily small by an appropriate choice of §, because of (3.10). For a
fixed o, the second term tends to zero because of (3.9). Consequently, the
assertion of the lemma follows. |

4. THE CONVERGENCE RESULT

Let v*(¢), t > t,, denote the empirical measures associated with Bird’s
particle system (2.1), i,

(o v )y =n"" Z o(x,(2), v,(1)) (4.1)

for any measurable bounded function ¢ on the space Z=G® R’.

822/66/3-4-22
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In order to construct the measure-valued function P(z), ¢ > t,, that will
turn out to be the limit (as the number of particles n tends to infinity) of
the empirical measures (4.1), we introduce some notations.

Let 1,(2), t = ti, k=0, 1,.., be measure-valued functions such that

Mty =de1(L)* 5L, k=1,2,.. (4.2)

and
Ao(ty) = PEd ! for some Pye.# (4.3)

where the transformation & is defined in (2.2)-(2.5), and the asterisk
denotes the operation defined in (3.2).

Let A, ,(t), I=1,.., [, denote the restrictions of the measures A,(¢) to
the spaces Z,=G,®R’. Suppose that the functions 4, () satisfy the
equations

d
a7 @, Ara(1)>

= L L@ L[ jﬂa [Lz de g, 'q(v, w, e)

< Lo(x, v+ ele, w—1v))— o(x, u)]] D (1, dx, do) g (1, dy, dw)

(4.4)

!

where the function ¢ is an arbitrary element of the space C,(G,® R?).

Theorem 4.1 (Convergence of the Bird algorithm). Let the
following assumptions be fulfilled.

Al. Suppose that there exist solutions A,(¢), 4, ,(¢), 1=, k=0, 1.,
[=1,.., I, of the system of equations (4.2)-{4.4) such that

sup f|z|2/1k(t,dz)<oo, VT> 1, (4.5)
te [t T

A2. Suppose that the functions 1,, k=0, 1,.., and the domains G,,
[=1,.., ., are such that

Lt (G, R*) >0 (4.6)
and

Al(t:)(0G,®@R%) =0 (4.7)
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A3. Suppose that the collision kernel g satisfies the conditions

q(v, w, e)=q(w, v, e), Yo, weR3, eeS? (4.8)

j g(v, w, e) de < Q nax < 0, Vo, we R? (4.9)
§2
‘(SZ lqg(v, w,e)—q(v',w,e)l de<C v —7v|, Yo, v, weR® (4.10)

f gv, w,e)de>0..>0, Vo, weR> (4.11)
§2

for some constants Q,..,, C, and Q..
A4. Suppose that the initial value v(z,) of the Bird algorithm
satisfies the conditions
Ep (v?"(1), Po) =0 (4.12)
and
sup E{|z]% v (ty) > < o0 (4.13)

n

where the measure P, is the same as in (4.3).
Then,

Ep,(v"(¢), P(1)) >0 {(4.14)

and
sup E{|z|%, v (1)) < o0 (4.15)

for any ¢ = t,, where the measure-valued function P(z), t > ¢,, is defined via
the relations

P(t)=2,(1), te{ty, ty 11, k=0,1,.
and
P(t) =P,

Theorem 4.1 is a consequence of the following convergence results
concerning the two parts of the Bird algorithm.

Theorem 4.2 (Convergence of the free flow simulation). Let v{"
denote the empirical measure associated with the particle system (2.6).
Let the assumption Al of Theorem 4.1 be fulfilled.
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Suppose that the functions 4., k=0, L,..,, are such that

et )G R R?) =0 (4.16)
Suppose that
Ep,(v?(t,), P(1,)) >0 (4.17)
and
sup E{jz|% v?"(t,) > < o0 (4.18)
for some k=0, 1,....
Then,
Ep,(v{, A1)~ 0 (4.19)
and
sup E{|z|%, v{> < o0 (4.20)

Theorem 4.3. (Convergence of the collision simulation). Let
u(t), t > t,, denote the empirical measures associated with Bird’s collision
process z(¢) defined in (2.7)-(2.15). Let u{"(¢) denote the restriction of the
measure x™ () to the space G,® R>.

Let the assumptions A1-A3 of Theorem 4.1 be fulfilled.

Suppose that

Ep (u"(tx), Ae (1)) = 0 (4.21)
and
sup E{|z|?, uf? (1)) < 0 (4.22)

for some k=0, 1,....
Then

Ep (uf(1), Ay (1)) =0

and
sup E{|z|?, ui(1) < oo, Vizt,

Proof of Theorem 4.7. 1t follows from (4.12), (4.13), and the defini-
tion of the function P that the assertions (4.14) and (4.15) are fulfilled for
t=tg.
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Let (4.14) and (4.15) hold for t=1¢, and some k=0, 1,... We show
that then (4.14) and (4.15) are fulfilled for any te (¢, 14, ]
It follows from (2.16) that

viO(t) = ui(2), Vie(ty, tepr ), 1=1,01, {4.23)
Furthermore, (2.7) implies that
4(t) = v (4.24)

Assumption (4.16) follows from (4.7), and Theorem 4.2 together with
(4.24) ensure that

Ep (), Aie(24)) = 0 (4.25)

and
sup E{|z|%, p"(1)) < 0 (4.26)
Assumption (4.21) follows from (4.25), (4.7), and Theorem 3.6.

Assumption (4.22) follows immediately from (4.26). Thus, by virtue of
Theorem 4.3 and (4.23), we obtain

Ep, (vi(2), A4,(2)) =0 (4.27)
and
sup E{|z|%, viM(1)) < 0 (4.28)

for any te (#;,t,.,] and I=1,..., /..
It can be shown easily that

Ie
PL(V(n)(t), A1) < Z PL(VY”(t), Ai1(8))

I=1

Thus, assertion (4.14) follows from (4.27) and the definition of P. Further-
more, assertion (4.15) follows immediately from (4.28). }

Proof of Theorem 4.2. 1t follows from (2.6) and (3.2) that
v =Vt )* B ;)
Furthermore,

Aty =Pt )* @)
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according to (4.2) and the definition of P. The transformation @ ,, defined
in (2.2)-(2.5) is discontinuous in (x, v) iff @ ,,(x, v) € 6G ® R*. Hence, (4.19)
follows from (4.17) and Theorem 3.7, if

P(1)(P 4 (6G®R?))=0

This is ensured by assumption (4.16).
The transformation @ ,, satisfies the inequality

1D 4,(x, V)l < (1 + 41)(|x] + [v]) (4.29)

Consequently, (4.18) and (4.29) imply (4.20), according to Lemma 3.8. |

In order to prove Theorem 4.3, we introduce a Markov jump process
related to Bird’s collision process, and establish convergence for this
process. Then, we show that the Bird process converges to the same limit.
For this purpose, we use a random time transformation that connects the
Bird process and the Markov process.

We consider a continuous-time Markov jump process {cf, e.g,
Feller,' Chapter 10)

M), 1zt
with the state space Z”. Let the infinitesimal generator of the process be of

the form

AF(zM)=n""Y sze[F(z("’+C“’”(z("’, e))— F(z™)]

i<j

X gl_lﬂGl(xi) ﬂG[(xj) q(v;, v, e) (4.30)

where z™eZ", with the components z\"=(x,, v;), i=1,.,n, F is an
arbitrary bounded measurable function on Z”, and {“/)(z", ¢)e Z", with
the components

(09 0)’ m # i’ .]
(402", €)1, =< (0, ele, v, —v), m=i
(07 6(63 Ui_vj))a m=]
m = 1,..., n. The initial value of the process is
zM(t,) = z(1;) (4.31)

where z(¢,) is defined in (2.7).
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Theorem 4.4. Let u*(f), t=1,, denote the empirical measures
associated with the process z¥(r). Let p(¢) denote the restriction of the
measure u*(t) to the space G,® R>.

Let the assumptions Al and A2 of Theorem 4.1 be fulfilled. Suppose
that the collision kernel ¢ satisfies (4.8)-(4.10). Suppose that

Ep, (u}'(13), A (1)) =0 (4.32)
and

sup E{|z|2, u (1)) < 0 (433)

for some k=0, 1,....
Then,

E sup p(p}(1), 4i(2)) >0, VT>1,

tef{t, T]

The process z¥(¢) is closely related to Bird’s collision process defined
n (2.7)-(2.15). Their initial values as well as their behavior in the case
n,;< 2 are identical. In the case n,> 2, the process z*(¢) can be described
on the basis of the Markov chain x(m) defined in (2.9)—(2.12).
Let t¥(m), m=0, 1,.., be a sequence of random moments
™M(0)=1,

(434)
Mm)=tMm - 1)+ 4tM(m), m=1,2,.

where the random variables 4t¥(m), m=1,2,.., are independent and
exponentially distributed with the parameters

n~! Z ﬂG1(xi) ﬂG,(-xj) gle(Uia Uj) (4.35)

i<j

which depend on the state x(m—1)=((x,,v,), i=1,.., n) of the Markov
chain. Then, the process z*() can be represented in the form

zM(t) = zM(xM(m)), te [t (m), t™(m+ 1))

(4.36)
zM(tM(m)) = k(m), m=0,1,..

Consequently, one can introduce a random transformation ¢ of the
time interval [¢,, c0) such that

2(t) = z"(a(1)), 1=t (4.37)
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In the case 1, <2, we define

In the case n,>= 2, relation (4.37) is fulfilled if
a(t)e [2M(m), t™(m + 1)) (4.38)
for te [t(m), t(m+ 1)), m=0, 1,.... This follows from (2.15) and (4.36). Let
¢ be the continuous and piecewise linear function satisfying (4.38) and
o(ty) =1, (4.39)
Theorem 4.5. Let the assumptions Al and A2 of Theorem 4.1 be
fulfilled. Suppose that the collision kernel g satisfies (4.8), (4.9), and (4.11).

Suppose that u™ satisfies (4.32).
Then,

a(t)—t in probability, Vizt,
Now we are in the position to prove Theorem 4.3.

Proof of Theorem 4.3. Since

ul(te) = u™(ty)

according to (4.31), the assumptions (4.21) and (4.22) imply (4.32) and
(4.33), and the conclusions of Theorems 4.4 and 4.5 are valid.
It follows from (4.37) that

w(ty=uMa(r)), Vizg,

Theorems 4.4 and 4.5 ensure (3.9) and (3.11), respectively. In order to
apply Lemma 3.10, we check the property (3.10) of the function 4, ,(¢).
Notice that Eq. (4.4) is equivalent to the equation

@, A (1)) =L@, Ay (2) )

+fr; J‘c;, JR: JG, ,fw B(g)(z,, z,)

X Ay (8, dzy) Ay (s, dz) ds (4.40)
The function B(¢) is defined as

B(p)z1 22) = | de g7 (v v €)(1/2)

X [o(xy, vf) —o(xy, v,) + @(x,, vF) — o(x3,05)] (4.41)

where we use the notation (1.3), and z,=(x,,v,), i=1, 2.
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The function B(¢) defined in (4.41) is symmetric in their arguments.
As a function of each of the arguments, it belongs to C,(Z,) if ¢ does.
Using the assumption (4.9), one easily checks that

1B(@)(- 22)l <287 'Qmax @], V226 Z, (4.42)

and the property (3.10) follows. Hence, Lemma 3.10 implies the first
assertion of Theorem 4.3.
The second assertion of Theorem 4.3 follows from the equation

% w0y = <zl p(t) >, Veziy (4.43)

and the assumption (4.22). The property (4.43) is a consequence of the
energy conservation during the collision simulation.
Thus, the proof is completed. |

[t remains to prove Theorems 4.4 and 4.5.
To prepare the proof of Theorem 4.4, we consider a function F of the
form

Fe)=n""Y o(z) z"MeZ" (4.44)
i=1
where ¢ is an arbitrary bounded measurable function on Z. Notice that
F(zM(1)) = (o, u™(1)) (4.45)

It follows from general properties of Markov processes (cf. Skorokhod,*?
p. 3, or Davis,® p. 26) that the process

M, )= F(0) ~ Fe™(1)) ~ | #/(F)M(s)ds  (446)

43

is a martingale, and
EM{(q, 1) = Ef [ (F?) — 2Fst(F)](z"(s)) ds (4.47)

It follows directly from (4.30) that

AFE)=n T [ de[p(x, vF) = 005, v) + 0(x, vF) = 0, )]

i<j
X gflﬂGI(xi) ﬂG{(Xj) q(v;, Uy e) (4.48)
From (4.44), (4.46), and (4.48), we obtain the estimate

(M, ) <2 lollo [1+ 8/ ' Qrmaxlt = 1)] (4.49)
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Elementary but lengthy calculations show that
[ (F?)—2Fs/ (F)](z"")

=Y |

L delo(x;, vF) = o(x;, v) + 0 0x;, ) — @(x;, v,)]?

i<j 8
x g7 ax) Talx)) qlvs, v), €) (4.50)
From (4.47) and (4.50), we obtain the estimate
E[M(p, )]’ <8 |0lZ, &/ 'Quax(t— ) n~" (4.51)

It follows from (4.45), (4.46), and (4.48), that
<(P> .uM(t)> = <(0, HM(tk)>

+Jr:c JGI jR3 JGI JRa B(o)(z,, z,)

x uM(s, dz,) uM(s, dz,) ds + M(o, 1) (4.52)

for any bounded measurable function ¢ on Z, where we used the notation
(4.41).

Now we are ready to prove Theorem 4.4. The main ideas of the proof
are due to Smirnov,® where a numerical procedure based on stochastic
differential equations with respect to Poisson measures was shown to con-
verge to the solution of the spatially homogeneous Boltzmann equation.

Proof of Theorem 4.4. In the following calculations we will write
u() and A(z) instead of p}(¢) and 4, ,(z), respectively. We also use simply
the sign sup for the supremum over all te [#,, T]. We consider a function
peC,(Z)) and denote ¢ = @), Wwhere R is a positive real number and
the function y is defined in (3.4). Furthermore, the functions on Z, are
continued by zero to functions on Z, when Eq. (4.52) is used. Using (4.52)
and (4.40), we obtain the following inequality:

<. u(t) = A1)
< €00 1) = A+ <0 — g, 1(0) (1))
< 1ol (i1 > R)+ 201212 RV + | <o () + Mo, 1)
[0 LT B@a)er 2 uts dey) uts, deo)

— <@g, Mt))

- th JG, sz JG, Jw B(@r)zy, 2,) A(s, dz,) A(s, dz,) ds
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< lloll (sup u(2)(1z] = R) + sup A(1)(|z] = R)) + sup | M(¢ g, 1)]

f LI JRZ sz JRB B(og)(z1, 22)

X Lu(s, dzy) pls, dz,) — A(s, dzy) A(s, dz,)] ds

+[{@r, u(ty) —Ate) Dl +

(4.53)

Notice that [|@ /| €2 ||@ll. Thus, we obtain, from (4.53) and (4.42), that
po(u(?), A(t)) <sup u(1)(|z] = R) + sup Ar)(|z] = R) + S

2 (1), K1)+ 487 Qo | p1(ls), 45)) ds

where
Sy= sup sup |[M(¢g, )] (4.54)

lol <1 ¢
Now the Gronwall lemma allows to conclude that
sup p(u(t), A(1))

< exp[4g; ' Qmar(T— )]
x {sup u(1)(|z| = R) + sup A(£)(|z| =2 R) + S,

+ 20, (u(2e), A2i)) } (4.55)

First we estimate the expectation of the term S, defined in (4.54).

The set Dy={pr:0eC.(Z), @] <1} is compact in the space of
continuous functions on {z€ Z;: |z| <R+ 1}. Consequently, for any &> 0,
there exists a finite set of functions {¢;e C,} such that

min “q)_(pi”oo<83 V(pEDR

Thus, we obtain the estimate

IM(pg, )l < mjn IM(@r— @, 1) + max [M(o,, 1)|

< sup | M(y, ¢ |+Z [M(¢, 1)]

Il <e

Consequently, it follows that

ES,<Esup sup |M(y,1t)| +Z Esup |M(p,, t)| (4.56)

t Wle<e
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Applying (4.49) to the first term, and the martingale inequality and (4.51)
to the second term on the right-hand side of (4.56), we obtain

ES,<e-const+ C(e)n~ '

and
lim sup ES, <¢-const, Ve>0
Hence,
lim ES, =0, YR>0 (4.57)

We conclude from Chebychev’s inequality and the energy conservation
law governing the transformation (1.3) that

w2 = R) S Rzl (1) > = Rz, (1)
Consequently, we obtain

lim sup E sup p(#)(1z| > R) <R 72 sup E{|z|?, u(te)> (4.58)

n— o0 t

Thus, using (4.32), (4.57), and (4.58), we conclude from (4.55) that

lim sup E sup p,(u(1), A(2))

n— 0 t

< const{ R ?sup E{|z|? u(t;)> +sup A(1)(|z| = R)}, YR>0

The right-hand side of the last inequality tends to zero as R — oo because
of the assumptions (4.33) and (4.5). Thus, the proof is completed. |

To prepare the proof of Theorem 4.5, we introduce two auxiliary
random time transformations.

Let ¢™ be the inverse transformation of o. Thus, ¢* is piecewise
linear. Moreover,

oM(t)=1t, t=1, (4.59)
in the case n,<2, and
aM(t™(m)) =1(m), m=0,1,. (4.60)

in the case n, > 2, according to (4.38), (4.39).
Furthermore, let g{’ be the function defined as

a(1)=1, =t (4.61)
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in the case n,< 2, and
o) (t)=rt(m) (4.62)

for te [t¥(m), tM(m+ 1)), m=0, 1,.., in the case n, = 2.
Now we prove two assertions concerning the random time transforma-
tions ¢," and ™.

Lemma 4.6. Supposec the assumptions of Theorem 4.5 to be
fulfilled. Then,

sup |oy(t)—t| =0 in probability, VT=1,
teln, T]

Proof. We consider the Markov process
(), u™(1)), =4 (4.63)

with the state space Z”"® R. Let the infinitesimal generator of the extended
process (4.63) have the following form, which is a slight modification of
(4.30):

AFzM u)y=n"1% j

S

J’

de[F(z" + {5 7(z), &), u+n~"'Q(v;, v,) ™)
2

—Fz", )] g, e (x:) Ta(x) gy, v, €) (4.64)

where F is an arbitrary bounded measurable function on Z"® R. The
initial value of the additional component is

uM(t,)=0 (4.65)

Thus, the component x(¢) jumps at the random moments t"(m),
m=1,2,.., defined in (4.34). Because of the assumption (4.11), the maxi-
mum value of the jumps is n~'Q .. The mean number of jumps on a time
interval [1,, T'] increases when the parameter (4.35) of the waiting time
distribution is replaced by the value ng, 'Q,..,, which does not depend on
the current state. The number of jumps related to this waiting times has a
Poisson distribution with the parameter ng; ' Q..(7T— t,;). Consequently,

the expectation of the component «*(T) can be estimated uniformly in #,
EuM(T) < Qe 87 ' OQmax(T— i) (4.66)

According to (4.62), (4.65), (2.13), and (2.14), the transformation
o (¢) is connected with the additional component »*(z) via the relation

o (1) iy= (1 + o, u™(1))
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where i; denotes the indicator of the set {n,>2}, and

. [n 2, — 1)(n,/2) g71] 7, if n,22
"o, it <2

We consider the function
Pr(u)=uygelu), ueR
where R>0, and y; is defined in (3.4). One easily shows that

lorl <(R+1)

Let B, denote the interval [0, R—n 'Q_'] and B,= [0, c0)\B,.

Now we start the estimation of thtginterm (63(¢) —t), which equals
(63 (t)— 1) i, because of (4.61). We obtain
(a57(1) = 1) = [, @ r(u™ (1)) — (£ — 1)1 1,9 5,(u™(T))
+ [, 0 r(uM()) — (1= 1)1 1,9 5,(u™(T))
+ o, uM ()1 =y 2(u™(1))] i) (4.67)

Applying the appropriate modification of the formula (4.46) to the process
(4.63), the infinitesimal generator (4.64), and the function

F(z", u)= ¢ p(u)

we obtain

Pa(™(0) = [ (F)(s), u(s) ds + M)

23
where the martingale M(¢) has the second moment [cf. (4.47)]
EM(1)? = Ej [ (F?) — 2Fs4 (F)1(z™(s), u™(s)) ds
t

If ue B, then

AF(z™, u)=n"! Z J;z del @ p(u —+—n71Q(U,-, vj)il)— @ r(u)]

X gl—lﬂG,(xi) Ve (x;) qlv,, v, e)
=n"*n,—1)(n,/2) g;*
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Notice that the function u*(z) is increasing in 7. Consequently, the first
term on the right-hand side of (4.67) takes the form

Lo, r(u™(1) = (t — 1)1 1,9 5, (u™(T))

= {on| [ 2= 100020 g7 o M00) |~ = 1)} i,

o, M(1) i)Y 5, (u™(T))
Thus, we conclude from (4.67) that
sup log’ (1) — 1] <a, sup IM(1)] + [o,(R+ 1)+ (T— 1)1 9 5,(u™(T))

+ o, U (Y)ﬂ(R,oo)(u (7)) (4.68)

One finds, in analogy with (4.50),
(A F*—2FAF)(z™, u)

=n ' Y | delgalutn 000, 0) ")~ 0 a)]?

i<j

x g, Mex) T6,(x) q(vss v ) < (R+ 1Y 07" Qg

Consequently,
M(TY <R+ 1Y n" Qg (T—1t)
and it follows from the martingale inequality that
sup |M(#)| ———> 0 in probability, YR>0 (4.69)
‘

We conclude from the assumptions (4.32) and (4.7) and

Corollary 3.5(iii) that
njn=uMt)G,Q®R*) - A ,(1)(G,®R?) in probability

Because of assumption (4.6), we obtain that
- 2g) ()G ®RY)] >0 (4.70)

in probability.
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Finally, we conclude from (4.68) that

Prob{sup |oy(1)—t]| > ¢}
< Prob{a, sup |M(z)| >¢/3}
t

+Prob{[a,(R+1)+(T—1¢,)] '{BZ(uM(T))>8/3}
+ Prob{a,u™(T) ¥ (g «,u"(T)) > ¢/3}
< Prob{a, sup |M(1)| >¢/3} + Prob{u(T)>R—n""'Q,}

+ Prob{u™(T)> R}
Using Chebychev’s inequality, (4.66), (4.69), and (4.70), we obtain

lim sup Prob{sup |o{/(t) ¢l >&} <2RT'Q.1 0, g7 (T 1))

n—= W t
for any R>0 and &¢>0. Consequently, the assertion of the lemma

follows. 1

Lemma 4.7. Suppose the assumptions of Theorem 4.5 to be
fulfilled. Then

sup |6¥(¢)—1t| -0 in probability, VT>t,
te 1, T]

Proof. 1f n,< 2, then

sup |oM(t)—t]=0
tet,, T]

according to (4.59). We suppose in the following that n,> 2.
Consider the set

A,={ sup |o™(t)—1]>¢}, e>0
te [, T]

and let m, be such that
Te[tM(mz), t™(mr+ 1))
It follows from the piecewise linearity of ¢* that

sup |oM()~tl< sup [oM(cM(m))—<M(m)|
tely, T] m<myp+1
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Consequently, we obtain

Prob(A4,) < Prob( sup |6™(t*(m))—t*(m)| > ¢) + Prob(B,)

mssmr

where
B,={|lc"(z™(ms+1))—tM(mp+1)| > ¢}

Since
aM(zM(m)) = o3 (z¥(m))
according to (4.60), (4.62), it follows that
Prob(A4,) < Prob( sup |og/(r)—¢t|>e¢)
te [, T]
+ Prob(B,n {t"(m,;+ 1)< T+})
+ Prob(B,n {tM(m;+1)>T+45})

for any 6 > 0.
The function ¢ is piecewise constant. Thus, if

™Mmp+1)>T+9

then

sup (g M(e)— 1] > /2
te [T, T+4]

Consequently,
Prob(4,)<2Prob( sup [od(r)—1t]>¢)
te [t T+61
+Prob(  sup |ol(1)—1t]| =6/2)

te [, T+46]

The right-hand side of the last inequality tends to zero, for arbitrary ¢ and
J, because of Lemma 4.6. This completes the proof. |

Theorem 4.5 is now an immediate consequence of Lemma 4.7.
Proof of Theorem 4.5. Since o™ is increasing and ¢ =05"", we
obtain
Prob(|a(t) — 1| > ¢) = Prob(o(¢) <t —¢&)+ Prob(ao(t) >t +¢)
= Prob(t < o™(t—¢)) + Prob(t > a¥(t + ¢))
for any ¢ >0 and 7> t,.. The right-hand side of this inequality tends to zero
according to Lemma 4.7. |

822/66/3-4-23
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5. COMMENTS AND OUTLOOK

The considerations of the present paper have been restricted to the
limiting behavior of the Bird algorithm when the number of particles tends
to infinity. In this final section, we will give some comments concerning the
results, and mention some related problems that have not been considered.

First of all, some remarks about the relationship between the limit
P(1) of the Bird algorithm and the solution of the Boltzmann equation are
necessary. We sketch the derivation (at least on a heuristic level) of the
system of equations (4.2)-(4.4) from the Boltzmann equation (1.1)-(1.4).

First, one introduces a mollifying kernel

hx )= Y g Nalx) To(p) (5.1)

=1

and replaces the right-hand side of Eq. (1.1) by

Tnol )t %, 0)= [ dy [ dw | dehix. y)q(v,w,e)

G ®”3 s?

x [, x, v*) f(t, y, w*) = f(6; x,0) (1, p, w)]  (5.2)
Then, one introduces a time discretization

(tk)a k=0, 1,

and performs the splitting of the free flow term and the collision term on
each time interval

Ctes tir i s k=0,1,.

After a transformation of the equations with respect to densities into equa-
tions with respect to measures, one arrives at the system of equations

d
G<onay=[ [ [ ] 1] dentnnaeome
x [o(x, v¥)— o(x, v)]} At dx, dv) A, (t, dy, dw)  (5.3)

te [tka tk+1]s k:()a 1a
At =A, (t)* D50, k=1,2,. (5.4)
/lo(to)=P(’)k‘p;zl
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where the measure P, has the density f, appearing in (1.4), and 4 is defined
n (5.1). Obviously, the measure-valued functions defined in (4.2)-(4.4)
satisfy the system (5.3), (5.4).

The approximation error depends on the time discretization (z,) and
on the division of the space into cells (G,), which influences the mollified
collision term (5.2). The behavior of the solutions of the system (5.3), (5.4)
should be investigated when 47— 0 and 4x -0, where 4x denotes the
maximum diameter of the cells G;, /=1..., {,. This problem can be tackled
similarly to what is done in Babovsky and Illner,®’ where the Nanbu
algorithm is treated.

Second, we give some comments on the assumptions of Theorem 4.1.

The assumption concerning the existence of the limiting measures A,
probably could be removed by using the strong properties of ¢ and
standard techniques.:'* The essential assumptions concerning 4, are (4.6)
and (4.7), which seem to be rather reasonable. Indeed, the Bird algorithm
will not work well if the measure to be approximated has a positive mass
on the boundary of some cell. Also, undesirable effects may appear if some
cell has the mass zero. Assumption (4.7) is {ulfilled if the measures 4, are
absolutely continuous, and the transformation @ preserves this property.

The assumptions (4.9)-(4.11) concerning the collision kernel g are not
fulfilled for realistic . However, in many cases of practical importance,
these assumptions are satisfied for the function

R if q(U, w, e) Z R
q" R (0, w, ) =< r if g(v,w,e)<r
q(v, w, e) otherwise

0 <r < R < 0. The behavior of the truncation error resulting from such an
approximation should be analyzed when R — oo and r — 0 (cf. Arsen’evV
for the case R — ).

The assumptions concerning the initial value v"(z,) of the Bird
algorithm imply that

(2l Pyy < o0 (5.5)

according to Lemma 3.9. If one supposes (5.5), then the assumptions (4.12)
and (4.13) are fulfilled for the initial measure v™(¢,) generated by
independent samples of the probability measure P,. However, the initial
measure v"(z,) can also be deterministic.

It seems to be worth mentioning that no assumption concerning an
“initial chaos” is needed. What we have shown is “propagation of the con-
vergence of the empirical measures.” The usual chaos property follows from
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the convergence of the empirical measures under an appropriate symmetry
assumption concerning the distribution function of the particle system. This
fact has already been mentioned in the literature.®¥

In finishing this paper, we give an example illustrating further applica-
tions of the concept of embedding the discrete Bird algorithm into the
framework of Markov processes.

Suppose that the collision kernel g satisfies the condition

g(v,w,e)< H(e), Vo,weR? eeS? (5.6)

where [q, H(e)de<oo. Under the assumption (5.6), the infinitesimal
generator (4.30) can be transformed into the form

1
SAFE)=n"" ¥ [ de| dqlF("+y e m)
S 0

—F(z™)] gz_lﬂG,(xi) Ye.(x;) He) (5.7)
with

C(i’ j)(Z(n)a €) lf ’1 < q(uia Uj’ e)/H(e)

5.8
0 otherwise (38)

b e =

The form (5.7), (5.8) of the generator suggests the following descrip-
tion of the Markov process, which is different from (4.34)—(4.36).

Given the state ((x;, v,), i=1,.., n), the process waits a random time
which is exponentially distributed with the parameter

A_l Z T[G/ ﬂGl-x)gl JZH(e)de

l<j

= n = 1)) g7 [ H(e) de (59)

instead of (4.35). After that time, the process jumps in the following way.
First, the indices i and j of the particles due to take part in a collision
are generated according to the probabilities

const - ,(x;) Tg,(x;)

[instead of (2.10)], ie., uniformly in the cell G,.
Then, an clement eeS? is generated in correspondence with the
probability density

const - H(e)
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[instead of (2.12)], and a random number 7 is sampled from the uniform
distribution on the interval [0, 1].
Finally, if

n<q(v;, v, e)/H(e) (5.10)

the new state is obtained from the old one by replacing v, and v; by v} and
v, respectively, which are calculated according to (1.3). If (5.10) is not
fulfilled, then no change takes place in the system, and the collision is
called fictitious.

The relationship between the time counter (2.13) and the parameters
(4.35) suggests the modified time counter

degm) = = 1)2) [ ) e (511)

which is analogously related to the parameters (5.9). We call the algorithm
based on the time counter (5.11) the “modified Bird algorithm with
fictitious collisions.”

The modified time counter (5.11) counts the fictitious collisions, too.
Moreover, it is deterministic, so that the number of (possibly fictitious)
collisions in a cell can be calculated at the beginning of the collision
simulation step. The convergence of the modified Bird algorithm can be
proved in a completely analogous way, even without the assumption (4.11).

It should be mentioned that the modified Bird process in a cell is
just the same as that obtained by Lukshin and Smirnov*®’ in the spatially
homogeneous case for the algorithm based on stochastic differential equa-
tions, where the Poisson distribution for the number of jumps on a time
interval has been replaced by its mathematical expectation. The complete
algorithm using the modified Bird process in the cells is very similar to the
so-called null-collision technique introduced by Koura.!”

The concept based on Markov processes seems to be very useful for a
unification and even a deeper understanding of various stochastic particle
simulation procedures for the Boltzmann equation. It can also be employed
for developing new algorithms.
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